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DAVID GOSS 

Abstract. Let The a, r-sheaf. Building on previous work of Drinfeld, Anderson, Taguchi, 
and Wan, Bockle and Pink BPl develop a cohomology theory for In jBoclj Bockle uses 
this theory to establish the analytic continuation of the L-series associated to £ (which is 
a characteristic p valued "Dirichlet series" ) and the logarithmic growth of the degrees of its 
special polynomials. In this paper we shall show that this logarithmic growth is all that is 
needed to analytically continue the original L-series as well as all associated partial L-series. 
Moreover, we show that the degrees of the special polynomials attached to the partial L- 
series also grow logarithmically. Our tools are Bockle's original results, non-Archimedean 
integration, and the very strong estimates of Y. Amice |Aml| . Along the way, we define 
certain natural modules associated with non- Archimedean measures (in the characteristic 
case as well as in characteristic p) . 



1. Introduction 

In his original work Rl on his zeta function, Riemann estabhshed that the density of 
zeroes up to level T in the critical strip is approximately ^log(^)- Since then similar 
results have been established for general L-series. 

In the arithmetic of function fields over finite fields, logarithmic growth manifests itself 
for characteristic p valued zeta functions in terms of the degrees of their associated "special 
polynomials" (see Subsection I3.2.3j) . This was first noted by the author in the explicit 
measure calculations of Dinesh Thakur |Thlj for Fr[T]. 

More generally, let k be an arbitrary global function field with full field of constants and 
let oo be a fixed place. Set A to be the Dedekind domain of elements of k which are integral 
at all places outside oo. Let ki be a finite extension of k and let be a Drinfeld module over 
ki. As in §8.6 of |Go4j . one can define the L-series L(s) of which is a "Dirichlet series" 
Cil~^, I an ideal of A, in finite characteristic. Using elementary estimates, (Lemma 8.8.1 
of jGo4j ) it was shown when has rank 1 (or complex multiplication etc.) that L(s) has 
an analytic continuation to an entire function. Moreover analytic continuations can then 
also be established for the interpolations associated to L(s) at finite primes in the sense of 
Subsection 13.2.31 

The estimates of |Go4j allow one to establish the existence of special polynomials in 
the general rank 1 case but give poor estimates on the degrees of these polynomials. As 
mentioned, the explicit calculation of Thakur in |Thlj , as well as the calculations of Newton 



polygons by Wan, Diaz- Vargas and Sheats f j Walj . |DVlj and |Shlj V show that these degrees 



in fact grow logarithmically and that this logarithmic growth reflect rationality (in terms of 
the complete field k^o) of the zeroes of such function. Moreover, this logarithmic growth. 
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when combined with the deep a-priori estimates of Amice |Amlj . actually provides the 
analytic continuation of these L-series at all places of k. It thus became reasonable to also 
expect such logarithmic growth for the degrees of special polynomials associated to L-series of 
general rank Drinfeld modules, t-modules etc. And, indeed, such a basic result was recently 
established by G. Bockle in |Boclj as a stepping stone in his analytic continuation of such 
L-series. 

The approach to characteristic p L-series in |Boclj is via cohomology. Due to the labors 
of Drinfeld, G. Anderson, Y. Taguchi, D. Wan, R. Pink and Bockle, the basic construction 
of characteristic p arithmetic has evolved from Drinfeld modules to "r-sheaves" which are 
simply coherent sheaves over the product of a base scheme X with Spec (A) equipped with 
a Frobenius-linear morphism r (see Definition IT^. In [B"PT| , Pink and Bockle show how 
to embed the r-sheaves into a category of "crystals" which possesses a good cohomology 
theory and Lefschetz fixed point theorem. It is this cohomology theory that Bockle uses to 
establish the logarithmic growth of the degrees of the special polynomials (and the analytic 
continuation of these functions at oo and all interpolations at finite primes) in very great 
generality. 

Let L(s) be the L-series of a r-sheaf of the type shown to be entire in |Boclj (see, e.g.. 
Theorem 121 below). In this paper we show how the logarithmic growth of the degrees of 
L{x — j) is enough to establish the analytic continuation and logarithmic growth of any 
partial L-series (see Definition |2S1) associated to L(s). We say that such a Dirichlet series is 
"in the motivic class Ai" as it is our expectation that the only way to provide non-trivial 
examples is precisely via r-sheaves. The idea behind the proof is again to express L(s) as a 
non- Archimedean integral which a priori is valid in the "half-plane" where L(s) has absolute 
convergence (in the sense of Remark |H)). Then one uses the logarithmic growth of the degrees 
of L{x, —j) to show that the measures so obtained blow up very slowly. Combined with 
Amice's estimates, the analytic continuation follows. Then playing off Amice's estimates 
against certain a priori estimates on coefficients allows one to also obtain the logarithmic 
growth for the degrees of the special polynomials associated to the partial L-series. 

A very interesting feature of the proof of the logarithmic growth of the degrees of special 
polynomials associated to partial L-series is the way that the theories at the place oo and 
all finite places intertwine. Indeed, to establish the logarithmic growth of a partial L-series 
defined modulo a given place w we need crucially to use the ly-adic theory associated to 
L{s). 

Along the way, we elucidate some of the formalism associated with non-Archimedean 
integration both in finite characteristic and characteristic 0. In particular we show how the 
convolution product of measures comes equipped with certain canonical associated modules. 
In finite characteristic, these modules give a concrete realization of the space of measures as 
"differential operators" which was previously only known abstractly (e.g., |Go8j ). 

Our results, along with those of Bockle, Pink, Taguchi, and Wan, make it very reasonable 
to hope that a deeper theory of the zeroes will eventually be found. Indeed, the results 
of |Walj ■ |DVlj . |Shlj give far more information in certain special cases than is obtainable 
from the estimates given here. As of now this theory would seem to involve first a deeper 
understanding of the relationship between the characteristic p L-series and modular forms 
associated to Drinfeld modules as established in |Boc2j (and presented in |Go7j ). Indeed, 
Bockle in |Boc2j associates a r-sheaf to a cusp-form via Hecke operators; thus cusp-forms 
also give rise to characteristic p valued L-series. 
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The reader may wonder why one could not approach our results by simply using twists 
of the L-series by abelian characters and then solving for the partial L-series. However, 
there are simply not enough characters with values in finite characteristic for this to work 
in general. 

In this paper we have worked with completely arbitrary A. All the results go through in 
this case, but there are a number of associated technicalities that must be dealt with. These 
technicalities involve making sense of "J*" when I is not generated by a "monic element" (in 
the sense of Subsection 13.2.11 which generalizes the usual notion of monic polynomial). Of 
course when A = ¥r[T], all / obviously are so generated, and thus the technicalities vanish. 
Therefore the reader is well advised to first read this paper with A = ¥r[T]. 

It is my pleasure to thank Gebhard Bockle for his help in understanding the results in 
|BPlj . |Boclj . and |Boc2j and for his comments on early versions of this work. These 
comments greatly helped clarify the proof of our main result. Similarly, I am also indebted 
to Keith Conrad and the referee for helpful comments. It is finally my pleasure to thank 
Zifeng Yang who pointed out that my original proof of the logarithmic growth (of the degrees 
of the special polynomials) at the infinite place would also work at the finite places. Indeed, 
because the degree of a principal divisor on a complete curve must equal 0, the order of zero 
of an element of A at a prime of A is obviously controlled by the order of its pole at oo. 

2. Review of non- Archimedean integration 

2.1. General theory. In this section K will be a non- Archimedean local field, of any char- 
acteristic, with maximal compact subring Rk and associated maximal ideal Mk- Thus 
¥k '■= Rk/Mk is a finite field and we denote its order by g^. Let |?| = \7\k be the absolute 
value on K defined by |7r| = q~^, where Mk = (vr) (so that Rk = {x & K \ \x\ < 1} and 
Mk = {x E K \ \x\ < 1}). We let f (?) = vk(J) be the additive valuation associated to 
|?| with f (tt) = 1. Let ^ be a fixed algebraic closure of K equipped with the canonical 
extension of |?| and f (?). Finally let K^'^^ C ^ be the separable closure. 

Let L G K he a finite extension of K with integers Rl (so that L is still a local field). 

Definition 1. An RL-valued measure on Rk is a finitely additive i?/,- valued function on the 
compact open subsets of Rk- 

More generally, one defines an L-valued measure on Rk to be a finitely additive L-valued 
function /i on the compact open subsets of Rk with bounded image in L. One sees immedi- 
ately that the /i is an L-valued measure if and only if there exists a 7^ G L such that a/i is an 
valued measure. We will denote the space of valued measures on Rk by M.{Rk^ Rl) 
and the space of L-valued measures by A4{Rk, L); so J^{Rk, L) = L ® A4{Rk, Rl)- 

Remark 1. Arbitrary (i.e., possibly unbounded) L-valued finitely additive functions on the 
compact opens of Rk are called L-valued distributions- 
Let /: Rk ^ L be a continuous function and let fi G Ai{RK, L). One defines Riemann 
sums associated to / and /x in the obvious manner. As Rk is compact, / is also uniformly 
continuous. Therefore it is easy to see that the Riemann sums converge to an element of L 

which is naturally denoted / f{x)d^{x)- 

Jrk 

Let L^ be a vector space over L. A map || || : L" — > R is a norm if and only if 

(1) ||x|| = {} ^ X = {] e E, 
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(2) \\x + y\\ < max{||a;||, \\y\\}, 

(3) lla^ll = |a|||a;|| for a G L and x & E. 

The norm ||?|| induces an ultrametric p on ii^ by p{x,y) := ||x — y\\. 

Definition 2. A Banach space over L is a complete normed L-vector space. 

Let E be an L-Banach space. We say that E is separable if and only if E contains a dense 
countable subset. From now on we will only consider separable L-Banach spaces. 

Definition 3. Let E he a. Banach space and {ej}^Q be a countable subset of E. We say 
that {cj} is an orthonormal basis (or Banach basis) for E if and only if 

(1) every x E E can be written uniquely as a convergent sum x = ^i^i {'^«} 
Q — s> as 2 oo, 

(2) ||x|| = supj{ci}. 

Example 1. Let C{Rk,L) be the L-vector space of continuous L- valued functions on 
equipped with the sup norm ||/|| for continuous /; it is easy to see that C{Rk,L) is an L- 
Banach space. A theorem due to Kaplansky ([KalJ or Th. 5.28 in |vRlp assures us that the 
polynomial functions are dense in C{Rk,L). It follows readily that C{Rk,L) is separable. 

The existence of orthonormal bases {Qn{x)}, where Qn{x) is a polynomial of degree n, for 
C{Rk, L) (where L is local as above) will be of critical importance to us. In |Amlj (see also 
|Yalj ) Y. Amice constructs such a basis by first using Newton interpolation involving certain 
"very well distributed" sequences of elements of Rk to construct polynomials {pn{x)} of 
degree n. Then the Banach basis {Q„(a;)} for C{Rk, L) is defined by Q„(x) := Pn{x)/sn for 
all n where fx(s„) = ^^e case where Rk = F,.[[T]], K. Conrad in |Colj shows 

how to use an orthonormal basis of the Banach space Cr^.{^K, L) of all ¥j.-linear continuous 
functions (obviously a closed subspace of C{Rk,L)) to construct a polynomial basis for the 
space of all continuous functions via the "digit principle." We shall have more to say about 
this later in Subsection 12.3.11 

Let /i be a measure on Rk- Set 



bn-= I Qn{x) djj,{x) , n = 0,2...|. (1) 

We call {bn} the measure coefficients associated to the basis {(5„(x)}. The boundedness of /i 
immediately implies that {6„} C L is also bounded. Moreover, let /(x) = Yl^=Q'^nQn{,x) be 
a continuous function, where the expansion coefficients {a„} he in L and a„ — >• as n — cxd. 
Continuity implies that 

„ oo 

/ f{x) dfi{x) = ^ a„6„ . (2) 

JRk n=0 

Note that the locally constant functions are also continuous; thus any bounded sequence 
{bn} C L gives rise to a bounded measure by Equation |21 Consequently a given choice of 
orthonormal basis for C{Rk, L) immediately gives a corresponding isomorphism of the space 
of measures with the space of bounded sequences with coefficients in L. 

Definition 4. Let a G Rk and / G C{Rk,L). We define the Dirac measure 6a associated 
to a by 

f{x)d6a{x) := f{a) . 

Rk 
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Using the ideas just presented, one sees readily that the Dirac measure is indeed a bounded 
measure in the sense of Definition ^ The Dirac measures provide the basic building blocks 
for the constructions given in this paper. 

The space of measures is also an L-algebra via the convolution product in the standard 
manner which we recall in the next definition. 

Definition 5. Let fi and u be elements of A4{Rk, L). Let /: Rk ^ L he continuous. We 
define the convolution /i * i/ G A4{Rk, L) by 



f{u)d^*v{u) := I I f{x + y)d^i{y)du{x) . (3) 
Rk JRk JRk 

It is easy to see that Equation IHl does indeed define a new measure and makes A4{Rk,L) 
into a commutative L-algebra. 

Let a and j3 be two elements of Rk- By definition one has 

5a*5p = 5a+l3 ■ (4) 

2.2. The characterization of locally analytic functions. In this subsection we will 
review the basic results of Y. Amice [Amlj (see also jYalj ) that permit us to characterize 
those / G C{Rk,L) which are locally analytic. 

Let 7^ p G Rk with t = \p\. Let a be another element of Rk- The closed ball Ba,t 
around a of radius t is defined, as usual, by 

Ba,t '■= {x G Rk I |x — a| < t} . 

Definition 6. A continuous function /: Ba,t —>■ L is analytic on Ba^t if and only if / may 
be expressed as 



n=o \ y / 



(5) 



where C L and 6„ — as n — > oo. 

The norm of / on B := B^^t is defined by 

||/b:=sup{|6„|}. (6) 

n=0 

Clearly the set of functions analytic on B forms an algebra which is topologically isomorphic 
to the Tate algebra L{{u)) of power series Xli^o'^*'"* converging on the closed unit disc (i.e., 
Cj — i> as 2 ^ oo). Let Rk <Z K he the ring of integers. Standard results on Tate algebras 
then imply the basic result 

||/||b= sup_ {|/(A)|}. (7) 

Definition 7. A continuous function / G C{Rk,L) is said to be locally analytic if for each 
a G Rk there exists ta > such that / is analytic on Ba^t^- 

Now let 71 G Rk he a uniformizing parameter. 

Definition 8. We say that a locally analytic function / has order h, where h is a non- 
negative integer, if we can choose ta > |vr|'* for all a G Rk- 
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Definition ISl is equivalent to requiring / to be analytic on each coset of M^. Note that by 
compactness one can find a finite number of a with {Ba^ta} covering Rk- Thus every locally 
analytic function has order h for some non-negative h. 

We denote the space of locally analytic L- valued functions on Rk by CA{Rk, L) and those 
of order h by CAh^Rk, L). Clearly CA{Rk, L) = [j CAh{RK, L). 

Definition 9. Let Rk = Ujlo-^i where the balls Bj := |^|h are mutually disjoint. Let 
/ G CAh{RK,L). Then we set 

||/|U:=max{||/bJ. (8) 

One checks easily that Definition El makes the space CAh{RK,L) a Banach space. One also 
readily sees that a sequence of functions {/«} converging to a function / in CA^^Rk, L) will 
also converge to / in CAh'{RK, L) for any h' > h. By Equation [3 {/,} also converges to / 
in the sup norm on continuous functions with domain Rk- 

Let Rk = [jBj as in Definition Let {Xj,n{x)}, j = 0, ■ ■ ■ ,m and n > 0, be the set of 
locally analytic functions defined by 

1 otherwise . 

It is very simple to see that {Xj,n{x)} is an orthonormal basis for CAu^Rk, L); thus CAh{RK, L) 
is also a separable Banach space. 

Let {Qn{x) = Pn{x)/s„} be the orthonormal basis for C{Rk,L) constructed by Amice 
as mentioned above, and let / G C{Rk,L) be expressed as /(x) = Yl'^=o^nQn{x) where 
{an} C L and a„ — >• as n — cx). Put 

7 = 7/:= liminfjf (a„)/n} . 

n 

We then have the following results |Amlj (see also |Yalj ). 

Theorem 1. 1. The set {pn{x)} forms an orthonormal basis for the Tate algebra of locally 
analytic functions of order (i.e., functions analytic on the closed unit disc). Moreover, for 
h> 1 the collection {pn{x) / Sn,h} , {sn,h} C L, forms an orthonormal basis for CAh{RK, L) 
if and only if 

h 

VK{sn,h) = J2^n/qi^] , (10) 

i=l 

(where [?] is the standard greatest integer function) . 

2. The function f is locally analytic of order h if and only if v{an) — Xli^/i+i 
oo as n oo. 

3. The function f is locally analytic if and only z/7 > 0. In this case, set 

I := max{0, 1 + [- log(7(g - l))/logg]} . 
Then f is locally analytic of order h > I. 

Note that Part 1 of Theorem ^ can easily be restated in terms of {Qn{x)}- Using this 
reformulation, in jYalj . Z. Yang shows that Theorem Q remains true for any polynomial 
orthonormal basis {/i„(x)} for C{Rk, L) with deghn{x) = n all n. In particular, it holds true 
for the Conrad bases {GE,n{x)} mentioned above (see also Equation IT^ . 



tends to 
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Example 2. Let K = Qp, Rk = l^p, |?| = etc., and let {(^)} be the standard Mahler 
basis for C{Zp,L). By definition, G Z,[x] and is monic of degree i; thus {^!(^)} is an 
orthonormal basis for the Tate algebra L{{x)) of functions regular on the closed unit disc; 
i.e., locally analytic functions on Zp of order 0. In particular such a function / can then be 
written 

f{x) = Y.c,^\(''), (11) 

i>0 ^ ^ 

where Ci as i oo. By Equation [7| we see that if {aj} are the Mahler coefficients of / 
then tti = i\ci. Standard results on the p-adic valuation of i\ then give a simple proof of Part 
2 of Theorem^ in the case h = 0. The general proof in |Amlj is given along similar lines. 

Remark 2. Let f{x) = Yl^nQnix) be locally-analytic of some order h > as above. Then 
part 1 of Theorem ^ and the above example, make it clear that the estimates on v{an) 
depend only on \\f\\h- Thus if we have a family {fi{x) = J2^n,iQn{x)} of locally analytic 
functions of fixed order h and with constant (or bounded) norm, then the estimates we obtain 
on v{an,i) are independent of i. This observation is essential for our main result, Theorem|3] 

Finally, recall that in Equation |21 we expressed the integral of a continuous function / 
against a measure fi as J2^nbn where f{x) = J2(^nQn{x) and are the measure coeffi- 
cients associated to {Qn{x)}. The impact of Amice's Theorem is the following. Let / be 
locally analytic so that a„ ^ very quickly. Then we may integrate all such functions / 
against a distribution with coefficients (defined in the obvious sense) which may not be 
bounded, as long as ^ a^fo^ converges. Such distributions are said to be tempered and they 
can readily be described (see |Am2j ) . This is the primary technique used in our main result 
Theorem |21 

2.3. Appendix: Associated modules. The results in this appendix elaborate some of 
the structure associated to the convolution product of measures. In particular, they explain 
some earlier calculations |Go8j involving measures in the characteristic p theory. They are 
not, however, used in the proof of our main results. 

We shall explain here how the convolution construction on measures also allows one to 
make C{Rk, L) into a natural A4{Rk, -L)-module. 

Definition 10. Let / G C{Rk, L) and let n G M{Rk, L). We define /i * / G C{Rk, L) by 

fi * fix) = (/X * f){x) := / fix + y) d^{y) . (12) 

JRk 

Remark 3. We have used the notation (/i, /) i— > /i * / to distinguish Definition ITUl which 
associates a continuous function in x to (/i, /), from the usual scalar- valued pairing (/i, /) i-^ 
Jj^^ f{x) dn{x). Note also that constructions similar to Definition 1101 are well known in 
classical analysis. 

For instance. Definition immediately gives 6a * f{x) = f{x + a) for a G Rk and Dirac 
measure 6a- Moreover, for a G Rk one sees that 

/i * f{a) = / f{x) d6a * fi{x) . (13) 
Jrk 

Conversely, of course, the space of measures, M.{Rk,L), is a natural C(i?ft', L) -module 
where (/, /i) ^ f{x) dfi{x) as usual. 
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Let /i be a measure as above and / G CAh^Rx, L). Using Amice's result, Theorem [H one 
sees that fi* f also belongs to CAh{RK, L). 

2.3.1. The characteristic p case. Definition ITUl leads to a remarkable differential formalism 
in the characteristic p case. Indeed, let Rk = ¥r[[T]], K = ¥r{{T)), and L a finite extension 
of K. The Conrad bases of |('olj (in particular, the Carlitz polynomials [(joSj ) lead to the 
formalism of differential calculus in the above module action. To see this, let E = {cj} be a 
Banach basis of the F^-linear functions Cf^Rx-, L). Let n be a non- negative integer written 
r-adically as Ylt^o^t^^y < 64 < r — 1 alH. Following Carlitz one sets 

m 

t=o 

Conrad shows that {GE,n{x)} is then a Banach basis for C{Rk,L). 

Standard congruences for binomial coefficients, and the linearity of ei{x) all i, now imme- 
diately imply that {GE,n{x)} satisfies the binomial theorem; that is 

GeA^ '^y) = GE,ii^)GE,n-i{y) ■ 



As {GE,ni^)} is ^ Banach basis for C{Rk, L), each continuous / can be written uniquely as 
/(^) = J2'^=o bnGE,n{^) where bn ^ as n ^ 00. Finally we formally set 



to be the measure determined by 



^E _ dE^ 

i\ i\ 



f(x)d^{x):=h. (15) 

F.[[r]] 



Then Equation immediately implies 



^*GeA^)= (^^GE,n-r{x). (16) 

The analogy with the usual divided-derivatives on power-series is now obvious. 

The reader can easily check that, as operators on C(Rk,L), one has — ^ — p = - — . 

il j\ (j + ^)! 

This establishes again that the convolution algebra of L- valued measures on Fr[[T]] is iso- 
morphic to the algebra of formal divided derivatives |(7o8j (which is itself isomorphic to 
the algebra of formal divided power series). Moreover, if E' is another Banach basis for 

A{Rk,L), one may readily express the operator in terms of {^}, and vice versa, by 
using the co-ordinate free definition ()12|) . 

Definition 11. Let z G Rl and let E be as above. Define fiE,z to be the unique measure 
given by 

GeA^) d^-E,z = z'' , 



'Rk 

for non-negative k. If f{x) = YI^tiGeA^) ^ C{Rk,L), define 



Mz) := [ fix) dfXEA^) = E ^"-^^ • (1'^) 
JRk 
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The map / t— > fE{z) gives a Banach space isomorphism between C{Rk,L) and the Tate- 
algebra L{{z)) of power-series in z converging on the unit disc. With this isomorphism, the 

i - 

operator -jf- transforms into the usual divided-derivative operator -rf- = i.e., 

= • (18) 

Finally, note that the divided-derivative can also be obtained via digit expansions (as in 
Equation IT^ using the Banach basis {z^'} for the space of F^-linear elements inside L{{z)). 

2.3.2. The p-adic case. Let Rk = and K = Qp, etc. Using the Mahler basis {(^)}, it is 
very well-known that the convolution algebra of L-valued measures on Zp is isomorphic to 
IZ := L '^p[[^]]- Here a measure /i corresponds to the power series 




k=0 

Clearly, then, we need only compute the action of the measure associated to X on C{Zp, L). 
Thus let /(x) = X^fclo '^fc(fc) ^ continuous function where {cfc} C L and ^ as oo. 
(^n^) ~ Sj'=o in-j) ( j) ' immediately computes 

x*/(x) = f;c.(^;;; J =A/(x), (19) 

fc=0 ^ ^ 

where A/(x) := /(x + 1) — /(x) is the usual difference operator. 

Let m e L have \m\p < 1 and let fm{x) := (1 + my. Let /i be a Qp-valued measure on Zp 
corresponding to a formal power series F^{X). One checks easily that 

fJ- * fmix) = Ff,{m)fmix) , (20) 

so that the functions fm{x) are eigenfunctions for the operators T^: f ft * f . It is simple 
to see that, up to scalars, these are all the common eigenfunctions for {T^}^eAi(Zp,L) defined 
over L. 



Remark 4. In Part 4 of the Appendix to jKolj . there is an exposition of the p-adic spectral 
theorem of Vishik. Let Cp be the completion of the algebraic closure of Qp with the canonical 
extension of |?|p. Vishik's theorem applies to "analytic operators;" i.e., operators A with 
compact spectrum o"^ over Cp and with analytic resolvent Ra{z) := {z — A)~^ on the com- 
plement of a A- (Here analyticity means essentially that the matrix elements of the operator 
are Krasner analytic; for more see |Kolj .) Let /i be the measure on Zp corresponding to X 
as above. One checks that the spectrum of the operator f ^ fJ^ * f = A/ over Cp is given 
by the eigenvalues {x G Cp | |x|p < 1} which is obviously not a compact set. It is however, 
bounded and therefore it is reasonable to ask whether a form of Vishik's results might also 
hold for A. 

One can also express the action of L ® Zp[[X]] on C(Zp, L) via the following construction. 
Let B be the Banach space of bounded sequences {6i}igz C L equipped with the sup norm. 
We write these sequences formally as f{X,X~^) = Yl^-oo^i-^^ ■ 

Let H be the subspace of all /(X, X^^) = 'Y^hiX'^ G B with 6j ^ as i ^ — oo (note 
the minus sign!). In other words, H consists of all /(X, X~^) whose polar part converges for 
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X^^ G Rl- a little thought establishes that H is actually a closed 7^-submodule of B where 
the action oiTZ := L® Zp[[X]] is via multiplication of power series in the usual sense. Thus 
H/XTZ is Banach space isomorphic to the Tate algebra L{{X~^)) and equips L{{X~^)) with 
a natural 7?.-module structure. Intuitively we simply multiply the two series in the "usual" 
fashion and throw out the terms X* with i positive. 

Let X~^ G Rl and let f{x) = J2T=o '^'^(fc) ^ ^.{Rki L). Let ii^ be the measure on Zp given 

by 

for non-negative k. Set f{X) = Xlfclo '^^"^"'^ ~ Iz fi^)^f^xi^)y Equation IT71 which 

again gives a Banach space isomorphism between the continuous functions and the Tate 
algebra in X~^. With this isomorphism, the action of the measure associated to F[X) = 
^ biX^ on / transforms into the action of F{X) E TZ on f{X) presented above. Our thanks 
to W. Sinnott for pointing this construction out to us. 

2.3.3. A curious connection between continuity on Zp and finite characteristic measures. Let 
L be a finite extension of Qp and let / : Zp — >■ L be a continuous function written ^ 6„ (^) . 
Set a„ := f{n) for n = 0,1... and form two divided power series A{x) := J2^n^ and 
B{x) := Yl^n^- It is well-known that e~^A{x) = B(x). Conversely, if one defines B{x) by 
this equation for any sequence {a„}, then we obtain a continuous function / with f{n) = an 
if and only if 6„ tends to as n — >■ cxd. 

Such a formalism also works when L has finite characteristic (see §8.4 of |Go4j ) . The 
results, and notation, of Subsection 12.3. II then give the following curious result. Let /i be a 
measure on Rk and let be its measure coefficients with respect to {GE,n{x)}. Let z/ 
be the unique measure with coefficients {(—!)"} with respect to {GE,n{x)}. Then there is a 
continuous L-valued function /: Zp — L with f{n) = bn, all n, if and only if the measure 
coefficients of u * fi tend to 0. 

The condition that the measure coefficients tend to is stronger than what is needed 
to integrate continuous functions. Perhaps there is a larger class of functions that may be 
integrated by such a measure. 



3. L-FUNCTIONS OF r-SHEAVES 



3.1. r-sheaves. The concept of a r-sheaf f |TWT| . |TW2| . [BPT] . |B^ . [HH] . [H^ . [USH]) 



arose out of the concept of a Drinfeld module which is where we begin. Let C be a smooth, 
projective, geometrically connected curve over the finite field ¥r where r = p"^° with p prime. 
As usual one chooses a fixed closed point oo of degree (over F,.) doo- The space C := C — oo 
is affine and one denotes by A the ring of functions which are regular on C. As is well 
known, the ring A is a Dedekind domain with unit group F^* and finite class group. Let k 
be the quotient field of A. 

A field L with an F^-algebra map i: A ^ L is said to be an "A-field;" the kernel p of z is a 
prime ideal of A which is called the "characteristic of L." Let L be a fixed algebraic closure 
of L (which is obviously also an A-field with the same characteristic) and let r: L — L be 
the r-th power mapping, r(/) = The elements / G L and r generate, by composition, an 
algebra of endomorphisms L{t} of L with rl = Ft, etc. There is unique homomorphism 



D : L{t} L given by D(^-q bjT^) = b^. A Drinfeld A-module ijj over L is an injection of 
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F^-algebras ip: A ^ L{t}, a \—>- ipaiT), such that D o = i but ipa 7^ i{a)T^ for some a E A. 
We denote by ipla] the finite subgroup of elements z E L with ipai^) = 0. As A is obviously 
commutative, ipla] inherits an A-module structure. One can show the existence of an integer 
d > such that ip[a] is A-module isomorphic to A/{aY for all a G A — p. One calls d the 
rank ofip. 

The next key step was taken by Drinfeld and then Anderson. Let M := L{t} which 
we now view as an L ^-module in the following fashion. Let /(r) = ^^=0 
arbitrary element of M, a G A, and / G L. One sets 

l®a-f{T) ■.= lf{ij,{T)). (21) 

One checks that M then becomes a projective L A-module of rank d and thus gives rise to 
a locally-free sheaf on Spec(L ® A). See |Anlj . for example, for more on how the properties 
of ijj may be reinterpreted in terms of M. 

The module M also possesses an obvious action by r, with (r, /(r)) 1-^ T/(r) (multiplica- 
tion in L{r}). Note that for / G L one has 

r//(r) = r/(r) . (22) 

The essential features of M is that it is a coherent sheaf with "A-coefficients" equipped 
with a r-action as above. This leads directly to the basic notion of a r-sheaf. Thus let X be 
a scheme over F^. Let a = ax he the absolute Frobenius morphism with respect to F^; that 
is for any affine Spec(S) C X and b E B one has cr*6 = 6^. 

Definition 12. A r-sheaf on X is a pair ^ := (JF, r) consisting of a locally-free sheaf on 
Xp,. C' and an (Ox ® v4)-linear morphism 

T = T^: (ax kiyj^^J^. (23) 

A morphism of t -sheaves is a morphism of the underlying coherent sheaves which commutes 
with the r-actions. 

The reader will readily see that the Frobenius-linear property expressed in Equation |221 is 
equivalent to the formulation given in Equation 

Remark 5. In the papers |Boclj . |Boc2j . [BPlj and |Go7j a more general notion of r-sheaf is 
given where the underlying module need only be a coherent module. 

3.2. Domain spaces. We will present here the basic ideas on exponentiation of ideals as 
in Section 8.2 of [HI^ and [BocT]. 

3.2.1. The theory at 00. We begin with the place 00. Let K := fcoo now denote the completion 
of /c at 00 and let vr G now denote a fixed uniformizer of K] this is notation that henceforth 
will be used throughout the rest of this paper. Let Fqo = "^k — IF^doo be the associated finite 
field. Thus every element a G K* can be written uniquely as 

« = CaVr"'^(«), (24) 

where Ca G F^, Ua = foo(tt) G ^, and {a) belongs to the group Ui{K) of 1-units of K. Note 
that both (a and (a) depend on the choice of tt. For a G fc* we set 

degfc(a) = -rfoo^a; (25) 

as usual we set deg;j(0) = —00. 
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For any non-zero fractional ideal / of A, we also let deg^(/) be the degree over F^. of the 
divisor associated to / on the curve C"; thus deg^(/) = degf^ A/I when I C A. Moreover 
Equation 1251 implies that for a E k* one has 

degfc(a) = degfc(aA) . (26) 

Thus degf^{a) is the degree of the finite part of the divisor of a on the complete curve C. 

We let Coo be the completion of a fixed algebraic closure K equipped with the canonical 
extension of the normalized absolute value |?|oo- 

The element a is said to be positive (or monic) if and only if (^q, = 1 (so that the notion of 
positivity most definitely depends on the choice of vr). Clearly the product of two positive 
elements is also positive. 

Let a be positive. 

Definition 13. 1. We set ^oo := C*^ x ■ 

2. Let s = {x,y) G 5*00. We then set 

As {a) = 1 + Aq with foo(Aa) > 0, one has the convergent expression 

(")^=f;(-)^^ (27) 

The space 6*00 will be the domain for the L-series of r-sheaves at 00. 

The group action on Soo will be written additively. Suppose that j E Z and is defined 
in the usual sense of the canonical Z-action on the multiplicative group. Let tc^, G be a 
fixed (ioo-th root of vr. Set Sj := (tt^-*, j) G 6*00. One checks easily that Definition IT^ gives 
a^^ = a-*. When there is no chance of confusion, we denote sj simply by "j." 

Let X be the group of fractional ideals of the Dedekind domain A and let P C X be the 
subgroup of principal ideals. Let P"*" C P be the subgroup of principal ideals which have 
positive generators. One knows that X/V~^ is a finite abelian group. The association 

f) e P+ ^ (f)) := (A) , (28) 

where A is the unique positive generator of f), is obviously a homomorphism from to 
U,{K). 

For the moment, let m = 1 + m G f/i(Coo), |m| < 1, be an arbitrary 1-unit in Cqo and let 
y ~ Yl^jo ^jP' be an arbitrary element of Qp. One sets := Y\j{^ + nifY^ which obviously 
converges in Cqo- Thus ?7i(Coo) is naturally a Qp- vector space; in particular, [/i(Coo) is 
thereby a divisible, and thus injective, group. We therefore have the next result. 

Lemma 1. The homomorphism (?) : — > ?7i(Coo) extends uniquely to a homomorphism 
(?):X-.f/i(Coo). 

The uniqueness in Lemma Q follows from the fact that has finite index in X. 
Definition 14. Let I El and s = [x, y) G 6*00. We then set 

p ■= x^°^'=^{I)y . (29) 
The reader will easily see that the mapping 

is bilinear. 
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Definition 15. Let V C Coo '■= k{{P^ \ I G I}). We call V the value field associated to tt 
and TT^,. The place on V given by its inclusion in Coo will be also be denoted cxo and is called 
the canonical infinite place ofY. 

Proposition 1. The field Y is a finite extension of k. 

Proof. If / = (i) where i is positive, then P^ = i E k. As I/V^ is finite, the result 
follows. □ 

Let Oy C V be the ring of A-integers. The places of V which lie outside of Spec(Cv) (and 
so lie over the place oo of k) are the "infinite primes of V;" thus places lying above Spec(A) 
are the "finite primes." 

Let a be an element of V. We let degY(Q;) be the degree over of the finite part of the 
divisor of a; as the degree of a principal divisor is 0, this is the opposite of the degree of the 
infinite part of the divisor of a. In particular, for a G fc, one has 

degv(«) = [V: A;]deg,(«). (30) 

Similarly, if J is a fractional Cy-ideal, then we let degY(J) be the degree over of the 
associated finite divisor, etc. If / is an A-fractional ideal then we again have 

degv(/Ov) = [V: A;]degfc(/). (31) 

The next proposition and corollary, which are elementary, are explicitly recorded as they 
will be used in the proof of our main result. 

Proposition 2. Let 7^ a G Cy. Then degY(Q;) > 0. 

Corollary 1. The only element of Oy of negative degree is 0. 

Proposition 3. Let I be a non-trivial ideal of A. Then, 

IOy = P'Oy. (32) 

Moreover, P^ has a pole at every infinite place of V. Finally, let ^ be a prime of Oy with 
additive valuation ffp(?). Then 

deg,(^)t;^(r^)<[V: A;]deg,(J). (33) 

Proof. Let t be the order of X/P"*"; thus /* = (a) where a G A is positive. By definition one 
has A* = a where A = 7^^. Thus the order of P^ is the same as the order of / at each prime 
of Oy, and Equation |221 follows. Clearly a has a pole at every infinite prime of V and so 
therefore must P^. Finally, Equation IH^ implies that degY(/Cv) = degY(J'^i) as a principal 
divisor has degree 0. Thus Equation 1221 follows from Equation |^ □ 

In particular, while the elements {P^} are not necessarily in A, they do behave very much 
like elements of A. For instance, they have the same absolute value at the (non-normalized) 
extension of |?|oo at any infinite place of V. This will be of importance in the proof of our 
main result. 
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3.2.2. The theory for finite primes. Let v be the place associated to a prime p of A and set 
:= deg^^^v). Let be the associated completion of k with normalized absolute value 

I? It,. Let k^ be a fixed algebraic closure of k^ and let C^, be its completion with the canonical 
extension of |?|^. Finally, let a: V — > fc^, be an embedding over k and set 

k^ = k^,, := k,ia{Y)) . (34) 

By Proposition [T] one sees that fco-,!, is finite over fc„ and one lets = A^j^y C k^^^ denote 

the ring of A^j-integers, with maximal ideal M^^^, and residue degree = fa,v Any element 
P E A*^ can then be written 

/3 = ^<,,,(/3) (35) 

where u^j^^^P) belongs to the group ^r^vU-i of roots of unity inside A^^y, and where {P)a,v is 
a 1-unit. 

Definition 16. We set 

= S,^^ := limZ/ [p^{r'^-f- - 1)) ~ Zp x Z/{r'^^f^ - 1) . (36) 
j 

Let Ha = {ya,o,ya,i) G Sq- and let P be as in Equation IHSl Then we set 

Let I{v) be the group of A-fractional ideals generated by the primes ^ v and let / G X(f). 
One knows that ct(P^) G A*^^ by Equation IH^ Let So- = {xy^y„) G C* x S^. Finally we 
define 

:= xt"^'^^'\{r'f- . (38) 

The space C* x 5*0- is the domain for the f-adic theory of L-series associated to r-sheaves. 
Note that if J = {i) with i a positive f-adic unit, then 

In particular, one has /(^'■''■') = p for all integers j. 

3.2.3. Entire functions. We begin here with the theory for S^o- The theory for C* x 5*0- is 
entirely similar and will be left to the reader. The basic reference is Section 8.5 of |Go4j (but 
see also |Boclj in this regard). 

Our L-series at oo will be "Dirichlet series" of the form ^ cil~^ where s = {x, y) G 
5*00 = X Zp. By Definition IT^ J~'^ = x~'^'^^''^ therefore Dirichlet series immediately 
give rise to a 1-parameter family of formal power series in x~^. This leads to the following 
definition. 

Definition 17. An entire function on S^o is a Coo- valued uniformly convergent family of 
entire power series in x~^ parameterized by Zp. 

As explained in |Go4j this means that for each y G Zp we are given a power series gy{l/x) 
where gy{u) converges for all u. Moreover, for each bounded set B C Coo and e > there exist 
a (5 := 5b > such that if yo and yi are in Zp with \yo — yi\p < 6 then \gyo{u) — gy^{u)\oo < e 
for all u E B. This forces the zeroes to "flow continuously." 

Let 7^ p G Coo- Then, exactly as in Definitional one can define a norm on the space of 
functions analytic on the closed disc {u G Coo I l^loo < ^ = |p|}- In |Cjo4j . Definition IT7I is 
reinterpreted in terms of the family of norms defined by all such p. 
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In |Boclj . one chooses a family {pj}°^Q C of increasing and unbounded norm to create 
a Frechet space out of the entire power series in u. An entire function on 6*00, as in Definition 
IT71 is then just a continuous function from Zp into this Frechet space. 

As will be seen, the Dirichlet series of r-sheaves are entire in the sense of Definition El 
Suppose for the moment that A = F^[T] and let L{s) = CaO"*, where {ca} C A, 

aGj4 positive 

be entire as above. Let j be a non-negative integer and set 

zl{x,-j) ■.= L{7rix,-j). (39) 

It is easy to see that zl{x, —j) is now a power series in with Fr[T]-coefficients. Moreover, 
as L{s) is entire in s, we conclude that ZL{x,—j) is entire in x~^, and, in particular, its 
coefficients must tend to in Fr((l/T)). As the degrees of non-zero elements in A are 
obviously non-negative, we see that the only way this can happen is that almost all such 
coefficients vanish; i.e., Zl{x, —j) must belong to y4[a:~^]. 

In fact, the rationality result just established for ¥r[T] also holds for all L-series of r- 
sheaves, for any A, and leads to the next definition. Let A now be completely general. 

Definition 18. Let L{s) = '^jCiI~'^ be an entire function where {c/} C Coo hes in a finite 
extension H of k. Put Hi := H -Y and define zl{x, —j) for j > exactly as in Equation 1391 
We then say that L{s) is essentially algebraic if and only if zl{x, —j) G Hi[x~^] for all j. 

Let f be a finite prime of A. We leave to the reader the easy translation of "entire" and 
"essentially algebraic" to v-adic Dirichlet series of the form J2i&i(v) '^i^'^" ^ So- G C* x as 
in Equation EH 

The idea behind all of this is that one starts with a Dirichlet series L{s) = Y^jCjI'^, 
s G 5*00, with coefficients in some finite extension H of k and then using the injections a 
of H into fct,, one defines the various "interpolations" L{s„) of this L-series at the finite 
primes via the same sum except that we have removed the factors lying over v; i.e., L{s^) : = 
^j-gj^^^ (7(07)/"^'^. Therefore these interpolations are defined a priori simply as certain v- 
adic Dirichlet series. (See also Remark IHl just below.) In general there is no reason to 
expect any relationship between the interpolations of L[s) at different places. However, the 
L-series of a r-sheaf will turn out to be an essentially algebraic entire function. The special 
polynomials {zl{x, — j)}°2,o then have two basic attributes. First of all, by the work of Bockle 
and Pink jBPlj . one can express them cohomologically (this is how one deduces in general 
that the power series zl{x, — j) is indeed a polynomial). Secondly, they allow one to relate 
the cx)-adic and f-adic theories by simply removing the finite number of Euler-factors lying 
above v in the special polynomials and then substituting Xy for x, etc. In other words, one 
obtains the functions L{s) and L{sa) associated to an essentially algebraic Dirichlet series 
by simply interpolating the special polynomials {zl{x, — j)}j^oj the non-positive integers 
are dense in Zp and 5"^. This is obviously not possible more generally. 

Remark 6. In the case where A is a principal ideal domain (e.g., A = ¥r[T]), the collection of 
interpolations given above ranges over all the places of the quotient field k. However, when 
A is general, there is no reason to believe that V has only one infinite place (corresponding 
to its inclusion in Coo)- Thus let a: V ^ Coo be an injection corresponding to a different 
infinite place. Let I be an ideal of A and set 



(40) 
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Using the fact that I/V^ is finite, one concludes as before that is a unit (i.e., has 
norm 1) in Cqo- However, one cannot conclude that is a 1-unit; indeed there may 
be a non-trivial group of roots of unity one needs to handle. Nevertheless, these may be 
handled in exactly the same fashion as in the f-adic theory and one readily defines L- 
series associated to the infinite embedding a. We will denote these by So-,00) where 
■5(T,oo = (a;, 2/(T,oo) £ X lim ^. Z/ {r'^'^ — where d„ is the degree over corresponding to 
the place of V given by a. We will not stress these functions here as they have no classical 
counterparts and they may unnecessarily confuse the reader. However, when they arise from 
the L-series of a r-sheaf (as presented in the next subsection), the reader may easily check 
that our techniques show that these functions also possess the same features as all other 
interpolations. 

3.3. Euler factors. We now follow |BPlj . |Boclj and define the L-series of a r-sheaf via an 
Euler product. Let X be a scheme of finite type over Spec (A) and let £ be a r-sheaf as in 
Definitional Let X° be the set of closed points of X and for each a G let pQ, be its 
image in Spec(y4). 

Definition 19. We define 

L(a,^,M)"^ := det(/rf - wr | JT^ ®a k) G k[u\ , (41) 

k 

where J^a is the fiber of the sheaf JF, is the identity morphism, and the determinant is 
taken over k. 

In |BPlj it is shown that L(q!,^, u)~^ G where da is the degree of a over F^. Let 

dp^ be the degree of pa over F^. Notice that Afn'^"] C 

Definition 20. Let s G ^oo- We set 

L{L.s) := n L{a,E.u)U.^p-s- (42) 

Bockle shows that the Euler product (j42|) converges on a "half-plane" of 5*00. That is, 
there exists a non-zero number t G M such that (j42j) converges for all s G (x, y) G 5*00 such 
that |x|oo > t- 

Remark 7. For future use, we rewrite the condition for the half-plane in terms of additive 
valuations. Let K be the completion of k at 00, as usual, and put Ki := K[{I)] where 
I runs over the ideals of A; as X/V^ is finite, Ki is finite over K. (The reader will be 
tempted to conclude that Ki is the compositum of K and V. This is only obviously so 
when doo = 1; the general relationship is not yet clear.) By abuse of notation let A^o denote 
the maximal compact subring of K and A\^oo that of Ki. Let e be the ramification degree 
and Voo (resp. i^i^oo) the canonical additive valuation on K (resp. Ki) which assigns 1 to a 
uniformizing parameter. Thus, upon extending these canonically to the algebraic closure, 
one has fi^oo = gv^o- Recall that we set = r'^'^^°°. One then sees readily that 

\x\oo >t^ vi^oc{x) < -elogg^^(t) . 

Let V now be a finite prime of A. The f-adic version of L{^, s), which will be denoted 
L{^,Sa), So- G C* X Sa, is now obvious using the embedding a. Indeed, one simply uses 
in Definition EDI « G ^^{'^) where X^{v) is the set of closed points not lying over v. Also 
obvious in this case is the existence of a f -adic half-plane of convergence as the Euler factors 
all have coefficients in Oy. 
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Remark 8. In both the oo-adic and v-adic theories, we abuse language and say that the 
Dirichlet series converges absolutely in the half-plane of convergence of its Euler product. 
Let s G 5*00, where |x|oo > t (t as above), and expand L{^,s) as Xl/^/-^ Then as 
degJ oo one has 6//"* which is what we shall mean by "absolute convergence." An 
exactly similar statement holds f-adically. 

The next result is a restatement of one of the main theorems of |Boclj and we refer the 
reader there for the proof. 

Theorem 2. Let X be a reduced, affine, equi- dimensional Cohen- Macaulay variety over 
Spec{A) of dimension ex- Let T_be a r-sheaf (which we recall is locally-free by definition in 
this paper). Then both L{^,sY~^^''^ and L{^^ s„)^~^^^^ are essentially algebraic entire 
functions. Moreover, for each non-negative integer j , the degree in x^^ (respectively x~^) of 
the associated special polynomial at —j is 0(log(j)). 

Remarks 1. 1. In |Boclj a slightly more restricted choice of local uniformizer vr is chosen. 
This allows for certain global rationality statements that we have not given here. In any case, 
the arguments in |Boclj . and in particular, the growth estimate of the special polynomials, 
actually apply in complete generality as we have set things up. 

2. The definition of the L-factors of r-sheaves given in Definition seems very different 
than the usual definition of, say, the L-factors of elliptic curves where one uses Tate modules 
and Frobenius morphisms etc. For r-sheaves one can also use this approach and indeed one 
obtains the same local factors |Boclj . For instance, the L-series of a Drinfeld module ip has 
traditionally been defined this way. At the good primes, it is relatively easy to see that both 
approaches agree. At the bad primes, one needs to use the Gardeyn maximal model (e.g., 
|Galj ) of the r-sheaf associated tp (which is analogous to the Neron model of an elliptic curve). 
In fact, the Euler factors of a Drinfeld module at the bad primes are remarkably similar to 
those of elliptic curves (ibid.). In particular. Theorem |21 gives the analytic continuation of 
the L-series of Drinfeld modules and general A-modules jAnlj . jBoclj defined over finite 
extensions of k. 

3.4. The canonical 1-parameter family of measures associated to a r-sheaf. Let 

X, etc., be as in Theorem |21 Let s = {x,y) G Soo and set 



where / runs over the ideals of A. We know that L{s) has the following properties: 

(1) The coefficients {bj} belong to A. 

(2) L(s) converges absolutely in some half plane {{x,y) \ \x\oq > t} of Soo- 

(3) For each non-negative integer j, the power series L{7iix, —j) is a polynomial in x~^ 
(with coefficients in Oy) whose degree is 0(log(j)). 

Definition 21. Any Dirichlet series L(s) satisfying the above three properties will be said 
to be in the motivic class dJt 

As will be seen by our main result TheoremlHl every partial L-series (in the sense of Definition 
123 below) associated to a Dirichlet series in class 971 will also be in DJl. Note, in particular, 
that Definition 121] definitely does not require L(s) to have an associated Euler-product. 




(43) 
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Remark 9. We use the adjective "motivic" in Definition Imprecisely because it is our expec- 
tation that the only general procedure to produce non-trivial Dirichlet series in class 9Jt will 
be via partial L-series of r-sheaves. 

From now on we let L{s) = Y^bil~^ be a fixed Dirichlet series in class DJl. For a G Ai^^o 
let Sa be the Dirac measure concentrated at a as in Definition HJ 

Definition 22. Let x G Coo have |x|oo > t (where t gives a half-plane of absolute convergence 
as above). Then we define 

/iL,.:= (44) 
I 

where / runs over all ideals of A. We call fii^x the canonical (1-parameter) family of measures 
associated to L(s) at oo. 

It is clear that, with x chosen as above, the series for fi^ -j. converges to a bounded measure 
on Ai^oo- As such, its coefficients with respect to any basis must also be bounded. 

Let f be a prime of A and let k^^^^ be as in Equation |^ with maximal compact subring 
A„^^. The f-adic version of Definition |221 is given next. 

Definition 23. Let Xy G C„ with > t„ > 1. We define 

/iL,.„:=$^&/x,-'^^^X(/n), (45) 
I 

where, again, I ranges over all ideals of A. We call fiL,x,v the canonical family of measures 
associated to L{s) at v. 

It is clear that fiL,xy also converges to a bounded measure with the above choice of Xy. 
The reader should note, of course, that if f | /, then cr{P^) ^ A^^^. 

4. The main theorem 
Let L{s) = ^ bjl^^ continue to be a Dirichlet series in class DJl. 

4.1. Partial L-series. Let W = {wi, . . . ,Wk} be a finite collection of places of V. We 
explicitly allow at most one element of W to be the canonical infinite prime of V and the 
rest are assumed to be finite places. (As in Remark IHl one may also use all the infinite 
primes of V, and we leave to the reader the easy modifications necessary to include them.) 
Let E = {ni, . . . ,nk} be a collection of positive integers and let to = VOw,e be the effective 
divisor ^ UiWi on C. Write to = it)/ + rOoo where to / consists of the sum over the finite 
primes and tOoo is a multiple of oo (which may be if cx) ^ W). 

For each finite place Wi of W, let O^. = OY,Wi be the associated local ring. If Wi = oo we 
define O^o = ^i,oo- Let a = G O^-} be a collection of elements in these local rings. 

Definition 24. Let / be an ideal of A. We say that I = a (mod ro) if = ai (mod ty"') 
for all finite Wi in n? and (/) = aj (mod when Wj is the canonical infinite prime oo. 

Clearly, should the reader desire, one can use the approximation theorem to replace a by 
an element of V. Note also that if Wj = oo then we may assume that aj is a 1-unit as 
otherwise the definition is vacuous. 
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Definition 25. Let L{s) = '^jbjl be a Dirichlet series and let a, tt) be as above. We set 

I=a (mod tti) 

The Dirichlet series La,n{s) is called the partial Dirichlet series associated to L{s) at a, tn. 

The next two statements are then the main results of this paper. 

Theorem 3. Let L{s) be a Dirichlet series in the motivic class DJl. Then L{s) analytically 
continues to an essentially-algebraic entire function on Soo- Moreover, any v-adic inter- 
polation of L{s), for V G Spec{A), analytically continues to an essentially-algebraic entire 
function on C* x So-. 

Proof. We first show that L{s) may be analytically continued to essentially algebraic entire 
functions at the canonical place oo and the finite primes of Oy- Our proof will be to express 
L{s) as a uniform limit of entire functions. We then refine this result to establish to establish 
the last part of the result. 

Let fiL^x be the canonical family of measures associated to L{s) as given by Equation 1441 
Let t be chosen so that L{s) converges absolutely for > t; thus for such x, the series for 
fiL,x converges to a bounded measure. Let ti be a positive real number less than t. The proof 
proceeds by analytically extending L{s), s = {x,y) G 5*00, from the half-plane of absolute 
convergence to {{x,y) G Soo \ \x\qo > ti} in a manner which is uniform in y and x. As ti is 
arbitrary the full analytic continuation follows. 

Recall that Ki is the extension of K obtained by adjoining (/) for all ideals I of A with 
maximal compact subring Ai^^o and maximal ideal Mi^oo- Let y & and let z G Ai^^o- 
Define 

~y _^ iz\ ioTZ = l (mod Mi,oo) ^^^-^ 
[ 0, otherwise , 

where = {1 -\- {z — 1))^ is computed as before. Clearly the function z ^ z^ is locally- 
analytic on v4i oo of order 1. Moreover, one checks easily that = 1 for all y so that, as 
in Remark 121 we can obtain estimates on its expansion coefficients which are uniform in y. 
For \x\oo > t we have the basic integral 

L{x,y) = [ z-ydfiL^z). (48) 



The analytic continuation of L{s) proceeds by showing that this integral extends to |a;|oo > 
for all ti as above. 

Let {Qn{z)}'^^Q be an orthonormal basis for the C(y4i_oo, -R'l.oo) consisting of polynomials 
of degree n, as in Subsection 12. 11 with measure coefficients 

^ = bn{x)= j Qn{.z)d^lLAz)^ (49) 

(N.B., the measure coefficients are now functions of the parameter x in ^l,x)- For |a;| > t, 
bn{x) is bounded as ^l,x is bounded. 

The next step is to show that bn{x) is a polynomial in x~^ whose degree is 0(log(?7.)). To 
see this write 

n 

Qn{z) = Y,^n,jZ^ . (50) 

j=0 
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Thus 

n „ 

bn{x) = ^qn,j / dfiiA^) ■ (51) 

By definition, L{x,—j) = J^^ dfiL,x{z) and, as L{s) is assumed to be motivic, it is a 

polynomial in (with coefficients in Ki) whose degree is 0(log(j)). Therefore bn{x) is 
also a polynomial whose degree (in x~^) dn is 0(log(n)). We write 

hn{x) = Y,hn.,X-\ (52) 

i=0 

In order to apply Theorem we now switch from using the absolute value |?|oo to the 
equivalent additive functions as in Remark [3 Let foo, "^1,00, e, qK be as presented there. 
Then we see that L(s) converges absolutely for all {{x,y) G 6*00 | f 1,00(2;) < — elogg^(t)}. 
We know that ^l^x converges to a bounded measure in this region. Moreover, by choosing t 
a bit larger, we can assume that fi,oo(/^L,x(f^)) > for any compact open U . As the integral 
of Qn{z) against such a measure must also satisfy the same bounds, we have 

Vi,oo{hn,i) + ie\og^^{t) > (53) 

uniformly in n. In other words, there is a non-negative constant Ci such that 

Vi,ocibn,i) > -iCi 

uniformly in n. 

Therefore for any ti sufficiently small we conclude the existence of a positive constant C2 
such that for |x|oo > we have vi^oo{bn{x)) > —dnC2- 

Now expand z"^ = Yln%,nQn{z) so that the basic integral PH|) becomes 

diiL,x{z) = ^ a_y^nbn{x) . (54) 

--^i.oo n=0 

By Theorem^ and Remark |2l we conclude that f i,oo(o-i/,n) > Csn uniformly in y for some 
positive constant C3. Therefore fi,oo (yCi-y,nbn{x)) > C^n — C2dn- As dn = 0(log(n)), this 
goes to 00 with n. In particular the series for the integral converges uniformly in x, for 
\x\oo > ti, and uniformly in y thus giving the desired analytic continuation. 
The analogous f-result is even easier since is always a w-adic integer. □ 

Theorem 4. Let L{s) be a Dirichlet series in the motivic class DJl. Then all partial Dirichlet 
series associated to L(s) are also in the class Wl. 

Proof. We continue with the notations, etc., as in the proof of Theorem El Let a, tt) and 
La,m{s) be as in Definition|2Sl The first two conditions for La^„{s) to be in the motivic class, 
as given in Subsection 13.41 are easily checked to follow directly from those of L{s). Thus we 
only need check the more subtle third condition. Let j be a non-negative integer and 

ZLa,„ {x, -3) := i^a,w(7i-*a;, -j) . (55) 

We need to show that zl^^ {x, —j) is a polynomial in x~^ whose degree grows like 0(log(j)). 

To do this we note first that it suffices to handle the case where tt) is supported on one 
place. Indeed, we simply use the result inductively at each place dividing tr. 
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We begin by writing 

oo 

By hypothesis we know that {cj^i} C Oy. Thus to show Cj^i vanishes for some choice of j 
and i, by Corollary we need only show that it has negative degree. We assume first that 
tn is supported at oo; the u-adic case will follow in a similar fashion. 

Thus suppose that to = riooOO for > 1 and a = a where a is a 1-unit in Ai^ao- Let x 
be the characteristic function of the open subset a + M^"^ of oo- Obviously, x is locally 
analytic of order h = rioo- 

We then obtain the following integral representation for the partial L-series La^^is) 

La,w{s) = x{z)z~y d^L^x{z) . (57) 

Note that the norm of the locally analytic function of order rzoo, x{z)^~'^ i is again 1 and 
obviously independent of y. Thus if we write xi.^)^^ = Xln fy,nQn{z) we find 

^a,w(s) = ^ f-y,nbn{x) , (58) 
n 

where we have uniform estimates on f i,oo(/-i/,n) by Theorem i.e., there is a positive 
constant C4, independent of y (and —y), such that 

fl,oo(/-j/,n) > CiU. (59) 

Combining Equations EHl and E21 we obtain the explicit formula 

00/00 \ 

La,M = La,Ux, y) = Y[Y f-y,nbn,i j . (60) 

i=0 \n=0 / 

Thus with j as above we obtain 



00 



n=0 

We now estimate the valuation of Yl'^=o f-y,nbn,u using this estimate in Equation lUTl will 
allow us to finish the proof. As the degree dn of 6„(x) is 0(log(n)) we conclude that if 
occurs with a non-zero coefficient in La,w{x,y) then must be contributed by those 
bn{x) where n is exponential in i. Combining this with with we obtain the fundamental 
estimate (for i sufficiently large) 



J2f-y^nbnA >C,e^'\ (62) 

vn=0 / 

for positive C5 and Cq, this is again independent of y. (The reader should note that f 1,00 (&«.,«) 
is greater then a constant times i and so can be absorbed into the exponential term as given 
above.) 

Let 6v be the number of infinite places of V. Using the estimate (j62j) in Equation |^ we 
see that the contribution to degY(cj^j) at the place cxo of V must be < [V: /c](— CsC*^"^* + ij). 
On the other hand, as La^f„{s) has a half-plane of absolute convergence and coefficients in 
A (as mentioned above), the discussion in Subsection 13.2.11 assures us that the other fey — 1 
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infinite places of V can contribute at most a positive constant times ij to tlie degree. We 
conclude that for sufficiently large i 

degv(c,„) < Crtj - C^e""'' , (63) 

for some positive constant C-j. Elementary estimates show that this expression is then 
negative for i ^ log(j) which gives the result. 

Again the f-adic version follows similarly using the fact that the degree of a principal 
divisor on a complete curve must vanish. Finally, we note that the fundamental estimate 
(|62p can also be used to give another proof of Theorem |21 □ 

Corollary 2. Let L{s) be as in Theorem El Let U be a compact open subset of Ai^^o (resp. 
Afj^v). Then fiL,x{U) (resp. f^L,x^{U)) is a polynomial in (resp. x~^). 

Proof. We can suppose U is of the form a + Mf^^ (resp. a + M^_„). Then fiL,x{U) (resp. 
fiL,xv{U)) is the value of the associated partial L-series at y = (resp. ya- = 0). Thus the 
result follows immediately from Theorem El □ 

The above proof of the analytic continuation depends crucially on the fact that z ^ is 
locally analytic. If one had any other type of locally analytic endomorphism of the group of 
1-units, then the proof would automatically work for it also. Therefore the following question 
is of great interest. 

Question 1. Let K = Fr((l/T)) and let Ui be the group of 1-units of K. Does there exist a 
locally-analytic endomorphism / : f/i — »• f/i which is not of the form u ^ for some p-adic 
integer y7 

It is reasonable to expect a negative answer to Question^ but we certainly have no proof 
of this as of this writing. 

5. Complements 

Let k be as before and let S be an A-module |Anlj |Boclj defined over a finite extension 
ki of k. For each finite prime f of A we can define the w-adic Tate module of S. Using 
the invariants of inertia and the Frobenius element at another finite prime p not dividing v 
one obtains the local Euler-factors of the L-series of E' at p (as mentioned above). One can 
also use the same definitions when p is an infinite place. Remarkably, as in |Galj . one still 
obtains polynomials with coefficients in A and which are independent of v. For instance, in 
the case that £^ is a Drinfeld module (or just uniformizable) one finds that the coefficients 
are actually in by using the associated lattice (in fact, by Gardeyn |Ga2^ this essentially 
characterizes uniformizable A-modules). 

As mentioned in |Boclj (also |Go6j ) these factors at oo should give rise to trivial- zeroes 
for the special polynomials of L{S,s), and thus also L{S,s) itself. In fact, one expects this 
to ultimately be a completely general phenomenon for all r-sheaves. The trivial zeroes for 
the f-adic functions will be given by the Euler factors in the special poljTiomials lying over v 
(which are removed when one interpolates w-adically). In the case where S is uniformizable 
the trivial zeroes resemble the classical case. However, when S is arbitrary they represent 
something new. As of this writing these trivial zeroes have an extremely mysterious effect 
on the collection of all zeroes. Indeed, because of the non- Archimedean nature of 6*00 and 
the uniform continuity of L{s), trivial zeroes influence nearby zeroes (called "near-trivial 
zeroes" ) as in |Go6j . One therefore wants to flnd the set of zeroes (called "critical zeroes" ) 
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which are not so influenced. This seems very hard at the moment. Classical theory suggests 
that it may require deeper understanding of the connections with modular forms as in |Boc2j 
(see also |Go7j ). 

Remark 10. We finish by explaining how elementary estimates can be used to imply loga- 
rithmic growth in general in the rank 1 case (as is evident in the explicit calculation given 
Thlp . Let /C be any field of characteristic p and let C /C be a finite additive subgroup 



m 



of order p"^^ . Define Si{W) := XIuigw^^* non-negative integers i. Then one has 

<t Kp"""^ -1^ Si{W) = 0. (64) 

The proof, a la Carlitz, goes as follows. Put ew{z) := nii)evF('^ ~ which, by standard 
arguments, is an additive polynomial with constant derivative Xw 0. Logarithmic differ- 
entiation then implies 



Xw/ew{z) = ^{z-w) 1 = ^ i(l - w/z)- 



Using the geometric series, one finds that the coefficient of z~^ is Sj^i{W). On the other 
hand, Xw/gw{z) has a zero of order p"^^ at oc and the result follows. Applying this to the 
sums over finite subgroups which arise in the rank 1 case immediately gives the logarithmic 
growth of special polynomials. 

Note that Equation [M] includes the very well-known result a* = for < i < r — 1. 



References 

[Ami] Y. Amice: Interpolation p-adique, Bull. Soc. Math. France 92 (1964) 117-180. 

[Am2] Y. Amice: Duals, in: Conference on P-adic Analysis, (1978: Nijmegen, Netherlands), Roomscli- 

Katholieke Universiteit (Nijmegen, Netherlands), Report-Mathematische instituut, Katholieke 

universiteit; 7806. 

[Anl] G. Anderson: ^-motives, Duke Math. J. 53 (1986) 457-502. 

[Bocl] G. Bockle: Global L-functions over function fields. Math. Ann. 323 (2002) 737-795. 

[Boc2] G. Bockle: An Eichler-Shimura isomorphism over function fields between Drinfeld modular 

forms and cohomology classes of crystals, (preprint, available at 

http : //www. math. ethz . ch/~boeckle/). 
[BPl] G. Bockle, R. Pink: A cohomological theory of crystals over function fields, (in preparation). 
[Cal] L. Carlitz: On certain functions connected with polynomials in a Galois field, Duke Math. J. 1 

(1935) 137-168. 

[Col] K. Conrad: The digit principle, J. Number Theory 84 (2000) 230-257. 

[DVl] J. Diaz- Vargas: Riemann hypothesis for Fp[T], J. Number Theory 59 (1996) 313-318 

[Drl] V.G. Drinfeld: Elliptic modules. Math. Sbornik 94 (1974) 594-627, Enghsh transl.: Math. 

U.S.S.R. Sbornik 23 (1976) 561-592. 
[Gal] F. Gardeyn: A Galois criterion for good reduction of r-sheaves, J. Number Theory 97 (2002) 

447-471. 

[Ga2] F. Gardeyn: New criterion for Anderson uniformizability of T-motives, (preprint, available at 

http : //www. math. ethz . ch/~f gardeyn/FG/ index. shtml). 
[Ga3] F. Gardeyn: The structure of analytic r-sheaves, J. Number Theory 100 (2003) 332-362. 
[Gol] D. GosS: TT-adic Eisenstein Series for Function Fields, Compositio Math. 41 (1980) 3-38. 
[Go2] D. GosS: Modular Forms for r,.[r], J. Reine Angew. Math. 317 (1980) 16-39. 
[Go3] D. GosS: Some integrals associated to modular forms in the theory of function fields, in: The 

Arithmetic of Function Fields (eds: D. Goss et al) de Gruyter (1992) 227-251. 
[Go4] D. GosS: Basic Structures of Function Field Arithmetic, Springer- Verlag, Berlin (1996). 



24 



DAVID GOSS 



[Go5] D. Goss: A Riemann hypothesis for Characteristic p L-functions, J. Number Theory 82 (2000) 
299-322. 

[Go6] D. GosS: The impact of the infinite primes on the Riemann hypothesis for characteristic p valued 
i-series, in: Algebra, Arithmetic and Geometry with Applications (Eds: Christensen et al) Springer 
(2004) 357-380. 

[Go7] D. Goss: Can a Drinfeld module be modular? J. Ramanujan Math. Soc. 17 No. 4 (2002) 221-260. 
[Go8] D. Goss: Fourier Series, Measures and Divided Power Series in the Theory of Function Fields, 

if-Thoory 1 (1989) 533-555. 
[Hayl] D. Hayes: A brief introduction to Drinfeld modules, in: The Arithmetic of Function Fields (eds. 

D. Goss et al) de Gruytcr (1992) 1-32. 
[SJl] S. Jeong: a comparison of the Carlitz and digit derivative bases in function field arithmetic, J. 

Number Theory 84 (2000) 258-275. 
[SJ2] S. Jeong : Continuous linear endomorphisms and difference equations over the completion of 

Fq[T], J. Number Theory 84 (2000) 276-291. 
[SJ3] S. Jeong: Hyperdiff'erential operators and continuous functions on function fields, J. Number 

Theory 89 (2001) 165-178. 
[SJ4] S. Jeong: Digit derivatives and application to zeta measures, (preprint). 

[Kal] I. Kaplansky: The Weierstrass theorem in fields with valuations, Proc. Amer. Math. Soc. 1 
(1950) 356-357. 

[Kol] N. KOBLITZ: p-adic Analysis: a Short Course on Recent Work, London Math. Soc. Lecture Note 

Series 46, Cambridge Univ. Press (1980) 
[Rl] B. RiEMANN: Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse, Monatsberichte 

der Berliner Akademie (1859); Gesammelte Werke, Teubner, Leipzig (1892). 
[Rosl] M. Rosen: Number Theory in Function Fields, Springer 2002. 

[Shi] J. Sheats: The Riemann hypothesis for the Goss zeta function for Fq[T], J. Number Theory 71 
(1998) 121-157. 

[TWl] Y. Taguchi, D. Wan: L-functions of (p-sheaves and Drinfeld modules, J. Amer. Math. Soc. 9 
(1996) 755-781. 

[TW2] Y. Taguchi, D. Wan: Entireness of i-functions of (^-sheaves on afiine complete intersections, 

J. Number Theory 63 (1997) 170-179. 
[Thl] D. Thakur: Zeta measure associated to FJT], J. Number Theory 35 (1990) 1-17. 
[vRl] A. C. VAN Rooij: Nan- Archimedean Functional Analysis, Marcel Dekker (1978). 
[Wal] D. Wan: On the Riemann hypothesis for the characteristic p zeta function, J. Number Theory 

58 (1996) 196-212. 

[Yal] Z. Yang: Locally analytic functions over completions of Fr[J7], J. Number Theory 73 (1998) 
451-458. 

[Ya2] Z. Yang: A note on zeta measures over function fields, J. Number Theory 90 (2001) 89-112. 

Department of Mathematics, The Ohio State University, 231 W. 18™ Ave., Columbus, Ohio 
43210 

E-mail address: gossOmath . ohio-state . edu 



